Abstract. The Jensen envelope Jϕ of an upper semicontinuous function ϕ on a complex manifold X is defined at x ∈ X as the infimum of µ(ϕ) over all Jensen measures µ centred at x. The Poisson envelope P ϕ is defined by using only the boundary measures of analytic discs centred at x. One of the main open problems in the theory of disc functionals is whether the Poisson envelope is plurisubharmonic on an arbitrary manifold. This is equivalent to the two envelopes being equal, so plurisubharmonicity of Jϕ is a necessary condition for P ϕ to be plurisubharmonic. We prove that the Jensen envelope is plurisubharmonic, with no assumptions on the manifold X. Hence Jϕ is the largest plurisubharmonic function smaller than ϕ. We also show that the Poisson envelope is plurisubharmonic if and only if boundary measures of analytic discs are dense among Jensen measures.
Introduction
Extremal plurisubharmonic functions are fundamental objects of study in pluripotential theory and have applications in other areas of complex analysis. An extremal function is defined as the supremum of a suitable class of plurisubharmonic functions (or as the upper semicontinuous regularization of such a supremum). The theory of disc functionals, pioneered by Evgeny A. Poletsky in the late 1980s, provides an alternative (in a sense "dual") description of some of these extremal functions as envelopes of disc functionals.
A disc functional H on a complex manifold X is a map into [−∞, ∞) from the set A X of analytic discs in X, i.e., holomorphic maps from a neighbourhood of the closure of the unit disc D into X. The envelope of H is the function X → [−∞, ∞) that maps x ∈ X to the infimum of H(f ) over all f ∈ A X with f (0) = x.
The most important example of a disc functional is the Poisson functional of an upper semicontinuous function ϕ : X → [−∞, ∞), which maps an analytic disc f to the mean value f * λ(ϕ) of ϕ over the boundary of f . Here, λ is the normalized arc length measure on the unit circle. Poletsky [8, 9] proved that the envelope P ϕ of the Poisson functional is plurisubharmonic, and hence clearly equal to the supremum Sϕ of the class of plurisubharmonic functions u on X with u ≤ ϕ, when X is a domain in euclidean space. This has been used to establish certain fundamental properties of the relative extremal function (with ϕ equal to the negative characteristic function of a subdomain of X) [4, 7] , whereas efforts based on the supremum definition had failed.
The present authors extended Poletsky's result to a large class of manifolds [6] . This class contains all Riemann surfaces, all Stein manifolds, all projective manifolds and their covering spaces; it is closed under taking products and subdomains; and if X is in the class and X → Y is a holomorphic covering map or a finite branched covering map, then Y is in the class. One of the most important open questions in the theory of disc functionals is whether the Poisson envelope is plurisubharmonic on all manifolds.
A Borel probability measure µ with compact support on X is called a Jensen measure (or pluri-Jensen measure) at x ∈ X (or with barycentre x ∈ X) if u(x) ≤ µ(u) for all plurisubharmonic functions u on X. The Jensen envelope Jϕ of an upper semicontinuous function ϕ : X → [−∞, ∞) maps x ∈ X to the infimum of µ(ϕ) over all Jensen measures µ at x. We have Sϕ ≤ Jϕ ≤ ϕ, and Jϕ is plurisubharmonic if and only if Jϕ = Sϕ.
The boundary measure f * λ of an analytic disc f in X is a Jensen measure at f (0) (simply by the definition of a plurisubharmonic function), so Jϕ ≤ P ϕ. If P ϕ is plurisubharmonic, then so is Jϕ, since both are equal to Sϕ. Hence, plurisubharmonicity of Jϕ is a necessary condition for P ϕ to be plurisubharmonic. The main result of this paper is that the Jensen envelope is plurisubharmonic on all manifolds. Therefore, P ϕ is plurisubharmonic if and only if P ϕ = Jϕ.
Plurisubharmonicity of the Poisson envelope turns out to be equivalent to a structure theorem for Jensen measures. Namely, let J x be the set of Jensen measures at x ∈ X and A x be the subset of boundary measures of analytic discs centred at x. We view J x as a subset of the space of compactly supported regular Borel measures on X, which is the dual space of the Fréchet space of continuous complex functions on X. We show that A x is weak-star dense in J x for every x ∈ X if and only if every upper semicontinuous function X → [−∞, ∞) has a plurisubharmonic Poisson envelope.
Plurisubharmonicity of the Jensen envelope
This section is devoted to a proof of the following theorem. Our approach is partly borrowed from Cole and Ransford's proof of [3, Theorem 2.1]. Theorem 1. Let X be a complex manifold and ϕ : X → [−∞, ∞) be an upper semicontinuous function. Then the Jensen envelope Jϕ :
Let M be a compact subset of X (thought of as a member of a compact exhaustion of X). Let P(M ) be the space of Borel probability measures on M , which is a compact metric space in the weak-star topology. Let O(D, M ) be the space of continuous maps D → M which are holomorphic on D (as maps into X), and for
The domain of this map is a closed subspace of the complete separable metric space of continuous functions from D into M with the uniform topology, and the target is a compact metric space. Hence, Y is the image of a continuous map between Polish spaces, so Y is Suslin. We do not know if Y is better than Suslin (say Borel), but this is enough for our purposes. It would be more natural to use the set of Jensen measures at x with support in M rather than A M x , but then it seems hard to say anything about Y . For more information about Polish spaces and Suslin sets, see [1, 5, 11] . (We use the word "Suslin" rather than its synonym "analytic", since the latter is confusing in a holomorphic context.)
The function
is upper semicontinuous. Let
where π : Y → M is the projection. For t ∈ R, the sublevel set {x ∈ M ; u(x) < t} is the image under the continuous map π of the Suslin set Y ∩ b Choose ε > 0. For n ∈ Z, let B n = {y ∈ Y ; b ϕ (y) < εn} and A n = π(B n ) = {x ∈ M ; u(x) < εn}. We now apply the following theorem to the map π : B n → A n .
Theorem [1, Theorem 3.4.3]. Let A be a measurable space in which a countable collection of measurable subsets separates points. Let B be a measurable space which is isomorphic to a Suslin subset of a Polish space. Then every Borel map B → A has an absolutely measurable section.
We obtain absolutely measurable sections ρ n : A n → B n . Define ρ : M → Y as ρ n on A n \ A n−1 . Then ρ is an absolutely measurable section of π, and
Now let σ be a Jensen measure at p ∈ M supported in M . The section ρ gives a Jensen measure at each point of the support of σ, and we claim that integrating with respect to each of these measures and then integrating with respect to σ gives a Jensen measure at p. More precisely, define a Borel probability measure ν on M as a continuous linear functional on the space of continuous functions on M by the formula
By monotone convergence, this formula holds for all upper semicontinuous functions
Hence, ν is a Jensen measure at p. By the definition of u,
We now let M grow and exhaust X. Then u decreases pointwise to the Poisson envelope P ϕ. Since analytic discs can be shifted, P ϕ is upper semicontinuous [6, Lemma 2.4]. If we also let ε → 0 and apply the monotone convergence theorem, we see that Jϕ(p) ≤ JP ϕ(p). Since P ϕ ≤ ϕ, we have shown that Jϕ = JP ϕ.
To conclude the proof of the theorem, we will use iterated Poisson envelopes. (Note that the iterated Jensen envelope is problematic because a priori we have no regularity for the Jensen envelope, not knowing how to shift Jensen measures on an arbitrary manifold.) Once we know that the Poisson envelope of an upper semicontinuous function is upper semicontinuous, it is practically obvious that the iterated Poisson envelopes P n ϕ decrease pointwise to Sϕ (the reader might consult [2, Proposition II.1]). Since clearly Sϕ ≤ JP n ϕ ≤ P n ϕ, and by the above JP n ϕ = Jϕ, we obtain Jϕ = Sϕ, q.e.d.
Remark. Suppose we have an analytic disc f and absolutely measurably, or, as can be arranged, smoothly varying analytic discs centred at each boundary point of f . As shown above, averaging over the boundaries of these discs and then averaging over the boundary of f defines a Jensen measure ν at f (0). If we knew how to approximate ν by the boundary measure of an analytic disc g centred at f (0), even in the weak sense that g * λ(ϕ) ≤ ν(ϕ), then we would have proof that P ϕ is plurisubharmonic. At present, we can do this only if our family of discs (or rather its graph) has a neighbourhood isomorphic to a domain in a Stein manifold [6, Chapter 2], but we do not know if such a neighbourhood always exists.
The Poisson envelope and the structure of Jensen measures
Jensen measures are elusive objects and usually harder to understand and work with than analytic discs. Plurisubharmonic functions are defined by inequalities given by analytic discs. Whether they satisfy any additional inequalities, which would then be given by Jensen measures that cannot be approximated by boundary measures of analytic discs, is an interesting and nontrivial question. In this section we will relate this problem to the plurisubharmonicity of the Poisson envelope.
The following Proposition was proved by Bu and Schachermayer for domains in euclidean space [6, Section III] . Using Stein neighbourhoods, we can easily generalize it to all manifolds.
Proposition. Let X be a complex manifold and x ∈ X. Then the weak-star closure of A x is convex.
Proof. Let f 1 and f 2 be analytic discs in X centred at x. Then f 1 and f 2 are holomorphic on a disc D r of radius r > 1. We must show that every convex linear combination of f 1 * λ and f 2 * λ is in the weak-star closure of A x .
The graphs {(z, f j (z)) ∈ D r × X ; z ∈ D r }, j = 1, 2, are isomorphic to D r and hence Stein, so their union Y is a Stein subvariety of D r × X. Let U be a Stein neighbourhood of Y in D r × X [10] with a holomorphic embedding α onto a submanifold Z of euclidean space. Let V be a Stein neighbourhood of Z with a holomorphic retraction β : V → Z [10] . Now consider the analytic discsf j : z → α(z, f j (z)) in V . Since V is a domain in euclidean space, any convex linear combination off j * λ can be weak-star approximated by the boundary measure of an analytic disc h in V centred at α(0, x) [6, Section III]. Let pr : D r × X → X be the projection. Since f j = pr • α −1 • β •f j , the same convex linear combination of f j * λ is weak-star approximated by the boundary measure of the analytic disc pr • α −1 • β • h in X centred at x.
Using Theorem 1 and the Proposition, we obtain the following result.
Theorem 2. Let X be a complex manifold. Then the following are equivalent.
(1) If ϕ : X → [−∞, ∞) is upper semicontinuous, then P ϕ is plurisubharmonic.
(2) A x is weak-star dense in J x for every x ∈ X.
Proof. If (2) holds, then Jϕ = P ϕ for every continuous and hence every upper semicontinuous function ϕ on X, so P ϕ is plurisubharmonic by Theorem 1. Suppose (2) fails. Then there is x ∈ X and ν ∈ J x outside the closure of A x , which is convex by the Proposition. By the Hahn-Banach theorem, ν and A x are separated by a continuous linear functional, which is given by a continuous function ϕ on X, so there is ε > 0 such that ν(ϕ) + ε ≤ µ(ϕ) for all µ ∈ A x . Taking the infimum over A x gives P ϕ(x) > ν(ϕ) ≥ ν(P ϕ), so P ϕ cannot be plurisubharmonic.
